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Abstract 

This is the third paper in the series ([DM1] and [DM2] being the 
previous two) where we study harmonic maps into the Weil-Petersson 
completion T of Teichmiiller space. In this paper, we prove that the 
singular set of a harmonic map from a smooth n-dimensional Rie- 
mannian domain to T has Hausdorff dimension at most n — 2, and 
moreover, the harmonic map has certain decay near the singular set. 
Combined with the earlier work of Schumacher and Jost-Yau, this im¬ 
plies the holomorphic rigidity of Teichmiiller space. In addition, our 
results provide a harmonic maps proof of both the high rank and the 
rank one superrigidity of the mapping class group proved via other 
methods by Farb-Masur and Yeung. 


1 Introduction 

Let T denote the Teichmiiller space of an oriented surface S of genus g and p 
marked points such that k = 3g — 3+p > 0. The Teichmiiller space endowed 
with the Weil-Petersson metric is an incomplete Riemannian manifold (cf. 
[Ch] and [Wo2]). Its metric completion T is an NPC (non positively curved) 
space (cf. [Yam]), and its boundary dT can be stratihed by lower dimensional 
Teichmiiller spaces corresponding to nodal surfaces formed by pinching a 
hnite set of nontrivial, nonperipheral, simple closed curves (cf. [Wol]). Thus, 
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T is a stratified space (with the original Teichmiiller space T being the top 
dimensional stratum). In this paper, we study harmonic maps m : —)■ T 
from a Riemannian domain. Given such a map, we dehne the regular set 
lZ{u) to be the set of points in G that possess a neighborhood mapping into 
a single stratum and the singular set S{u) to be its complement. The main 
results of this paper are: 

Theorem 1 Let T = T{S) he Teichmiiller space of an oriented surface S 
of genus g and p marked points such that k = 3g — 3+p>0 and T he its 
metric completion with respect to the Weil-Petersson metric. If u : Q ^ T is 
a harmonic map from an n-dimensional Lipschitz Riemannian domain, then 

dim^ <n — 2. 

Theorem 2 Letu : Ll ^ T he as in Theorem 1. For any compact subdomain 
Gi of G, there exists a sequence of smooth functions {-ipi} with 'ipi = 0 in a 
neighborhood of S{u) fl Gi, 0 < < 1 and fji{x) 1 for all x E kli\S{u) 

such that 

lim [ IVVm| IV'^il d/i = 0. 

i->-oo JQ 

The theory of harmonic maps to singular spaces was initiated by Gromov 
and Schoen in the seminal paper [GS], where they mainly consider harmonic 
maps to Euclidean buildings. This work was subsequently extended for har¬ 
monic maps to maps into more general NPG spaces by Korevaar-Schoen and 
dost (cf. [KSl], [KS2] and [Jo]). In [DM1], we developped techniques to study 
harmonic maps into spaces with an asymptotic product structure. By this, we 
mean NPG spaces that satisfy the Assumptions of Section 2.5 (see below). 
Euclidean buildings and differentiable manifold complexes are examples of 
such spaces. 

The Weil-Petersson completion of Teichmiiller space also hts into this 
framework. Indeed, according to [Yam], [DW], [Wol] and [DM3], the Weil- 
Petersson completion of a Teichmiiller space near a boundary point is asymp¬ 
totically isometric to the product of a boundary stratum T' and a normal 
space H '^ = H x ... x H, where we call H the model space (see Section 2.2 
for a precise dehnition of H = H U {Do} given as a metric completion of 
the incomplete Riemannian surface H). Since the boundary stratum F' is a 
lower dimensional Teichmiiller space which is a smooth Hermitian manifold. 
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the singular behavior of the Weil-Petersson geometry is completely captured 
by the model space H. For one, the Gauss curvature of H approaches —oo 
near its boundary reflecting the sectional curvature blow up of T near dT. 
Moreover, the non-local compactness of T is also captured by H. Indeed, a 
geodesic ball in H centered at a boundary point is not compact. This lack 
of compactness imposes severe challenges in the theory of harmonic maps 
which have not been addressed before, and the core of this paper is to deal 
with these phenomena. 

The above regularity theorems have important consequences in proving 
rigidity of Teichmuller space and the mapping class group. The hrst is 

Theorem 3 (Holomorphic rigidity of Teichmuller space) LetT = Mod{S) 
denote the mapping class group of an oriented surface S of genus g and p 
marked points such that k = 3g — 3+p>0. If T acts on a contractible 
Kdhler manifold M such that 


(i) there is a finite index subgroup T' of T such that M := M/T' is a 
smooth manifold, 

(a) M is a quasiprojective variety and 

(Hi) M admits a compactification M such that the codimension of M\M is 
at least 3, 

then M is equivariantly biholomorphic or conjugate biholomorphic to the Te¬ 
ichmuller space T = T{S). 

The history behind the problem of holomorphic rigidity of Kahler mani¬ 
folds starts in 1960 with the work of Calabi and Vesentini [CV] where they 
showed that compact quotients of bounded symmetric domains of dimen¬ 
sion at least 2 do not admit any nontrivial inhnitesimal holomorphic defor¬ 
mation. The celebrated Mostow rigidity theorem of 1968 implies that two 
compact quotients of the ball of complex dimension at least 2 with isomor¬ 
phic fundamental groups are isometric and thus biholomorphic or conjugate 
biholomorphic. Yau conjectured that the same holds for any two compact 
Kahler manifolds of dimension at least 2 and negative sectional curvature. 
This conjecture was subsequently proved in 1980 using harmonic maps by 
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Siu [Siu] in the case when one of the manifolds has strong negative curvature. 
Furthermore, dost and Yau [JoYa] in 1987 extended the above results to sym¬ 
metric domains that are not necessarily compact, provided that the group 
acts with orbifold singularities and the quotient has a reasonable compacti- 
hcation. Given that in many aspects Teichmiiller space resembles a complex 
symmetric domain, dost and Yau also stated the holomorphic rigidity theo¬ 
rem for Teichmuller space (cf. [doYa]). As proved by Schumacher [Sch], the 
Teichmuller space with the Weil-Petersson metric has strong negative cur¬ 
vature, thus [Sch] and [doYa] show that holomorphic rigidity of Teichmiiller 
space holds, provided that there exists an appropriate harmonie map whose 
image is eontained in the interior of Teiehmuller spaee. 

On the other hand, the incompleteness of T with respect to the Weil- 
Petersson metric mentioned at the beginning of this section poses a great 
dijfieulty in finding such a harmonie map. Thus, we need to study the be¬ 
havior of harmonic maps at the singular points, and this is the content of 
the regularity theorems above. By considering the metric completion T of 
T with respect to the Weil-Petersson metric, the space T bears resemblance 
to a Hadamard manifold; in particular, the existence of an equivariant har¬ 
monic map into T under some nondegeneracy conditions was shown in [DWj. 
On the other hand, due to the singular nature of T, the harmonic map 
M : M —)■ T may exhibit singular behavior. However, Theorem 1 and The¬ 
orem 2 assert that the singular set S{u) of u is of Hausdorff codimension 
at least 2 and moreover u has certain decay near the singular set. This is 
enough to enable us to apply the Bochner formula and prove rigidity. 

We now describe the organization of the paper and explain the main 
ideas. In Section 2.1, we give the basic dehnitions of the order function, 
monotonicity and blow-up maps for harmonic maps to NPC spaces. For 
convenience, we state the above for a more general class of maps that include 
asymptotically harmonic maps. In Section 2.2, we describe limits of harmonic 
maps into the model space H which, as explained above, models the behavior 
of harmonic maps near dT. In Section 2.3, we discuss different coordinate 
systems on the model space H. We also review one of the main Theorems 
from [DM2] (cf. Theorem 16), which asserts that certain subsets of H near 
the boundary point satisfy a property analogous to the essentially regular 
property in [GS]. This is the hrst crucial ingredient in the proof of our 
regularity theorem. Additionally, we also prove the crucial Lemma 18, which 
plays the role of the effectively contained property in [GS]. In Section 2.4 and 
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Section 2.5, we define the structure of the singular set of u and state the basic 
assumptions needed in order to apply [DM1]. For asymptotic harmonic maps, 
these assumptions will be verified in Section 5. We hrst state Assumptions 1- 
4 which imply the target variation formula (cf. Theorem 19) and the crucial 
subharmonicity statement (cf. Lemma 20). We then state the rest of the 
Assumptions 5-6 and Theorem 21 which asserts that the singular component 
V of harmonic map has a well dehned order. In particular, we can dehne 
blow-up maps and deduce that the singular set of points of order greater 
than one is of Hausdorff codimension at least 2. 

The heart of our argument lies in Section 3. This is an adaptation to 
our situation of [GS] Theorem 5.1. We have separated our argument in two 
parts. The first is the Inductive Lemma 24. The second is its consequences; in 
particular. Proposition 25 implies that approximately harmonic maps cannot 
hit the boundary near a point of order one and Corollary 28 implies that the 
singular set of a harmonic map into H is of codimension at least 2. 

Section 4 contains certain technical results needed in later sections. In 
particular, we prove that given a harmonic map into T, the set of points 
of order greater than one has Hausdorff codimension at least 2 (cf. Propo¬ 
sition 31). In Section 5, we verify that Assumptions 1-6 from [DM1] hold 
for harmonic maps into T, and this completes the proof of our Theorem 1 
and Theorem 2. In Section 6, we specialize the the case when the domain 
dimension is 2. We prove that there are no singular point in this case (cf. 
Theorem 5 below). 

Section 7 contains the main applications of Theorem 1 and Theorem 2; 
most importantly, we give the proof of the holomorphic rigidity Theorem 3. 
Additionally, as a by product, we provide a harmonic maps proof of the 
following theorem due to Farb-Masur and Yeung. 

Theorem 4 (Superrigidity of the MCG, cf. [FaMa], [Ye]) Let M = 

G/K he an irreducible symmetric space of noncompact type, other than SOo{p, 1)/ 
SO{p) X S'O(l), SUfip,!)/S{U{p) X G(l)). Let A he a discrete subgroup of 
G with finite volume guotient and let p : A ^ Mod{S) be sufficiently large, 
where Mod{S) denotes the mapping class group of an oriented surface S of 
genus g andp marked points such that k = ?ig — ?>+p > 0. If the rank of M is 
> 2, we assume additionally that A is cocompact. Then any homomorphism 
p of A into the mapping class group Mod{S) has finite image. 
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As a final comment, we would like to point out that Theorem 1 only 
implies that the singular set S{u) of u is of codimension at least 2 (or more 
precisely that u maps a connected domain into a single stratum up to codi¬ 
mension at 2) and does not necessarily imply that u maps into the interior 
of T as originally asserted in [JoYa]. Of course, a posteriori, the Bochner 
formula implies that the Jost-Yau claim indeed holds for the cases of interest 
in this paper (see Section 7). For two dimensional domains, this assertion is 
generally true; namely. 

Theorem 5 // m : O —)■ T is a harmonic map from an connected Lipschitz 
domain Q in a Riemann surface, then there exists a single stratum T' of T 
such that u{Q) C T'■ 

It is reasonable to conjecture that this assertion holds for higher dimen¬ 
sions; however, this not needed for the applications discussed in this article. 

Conjecture 6 If u : Q T is a harmonic map from a connected n- 
dimensional Lipschitz Riemannian domain, then there exists a single stratum 
T' of T such that u{Ll) C T'. 

Acknowledgement. In the special case when the domain hi is a region in 
a Rieman surface, it was hrst proved by Wentworth that the singular set S{u) 
is empty for a harmonic map m : hi — )■ H (cf. [W]). His method is strictly two 
dimensional using the Hopf differential associated with the harmonic map, 
thus cannot be generalized to arbitrary dimensions. Even though our method 
is completely different from his, some of the preliminary results used in this 
paper, for example the structure of limits of harmonic maps to H, have their 
origin in [W]. We would like to thank Richard Wentworth for sharing his 
unpublished manuscript with us. Additionally, we would like to thank Bill 
Minicozzi for his continuous support of this project, Bernie Shiffman for the 
reference [Schi] and R. Schoen, K. Uhlenbeck, S Wolpert and S. T. Yau for 
sharing their insights on the subject with us. 

2 Preliminaries 

2.1 Harmonic maps into NPC spaces 

We hrst recall some preliminary facts regarding harmonic maps into NPC 
spaces and some related concepts. Let H be a n-dimensional Lipschitz Rie- 
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mannian domain with metric g and {Y, d) an NPC space. For a finite energy 
map u : Q ^ (X,d), let |VmP denote the energy density as defined in [KSl] 
(l.lOv). A map u is said to be harmonic if it is energy minimizing amongst 
all finite energy maps with the same boundary value on every bounded Lip- 
schitz subdomain hi' C hi (cf. [KSl]). A harmonic map is locally Lipschitz 
by [KSl] Theorem 2.4.6. 

Let u : hi —)■ (K, d) be a map (not necessarily harmonic). For xq G hi, 
define 

^ |Vu|^d/i and I^a) := j u(a;o))dS. 

J JdBa{xQ) 

In the sequel, we will often suppress the subscript xq if the choice of the point 
Xq is clear from the context. The order of the map v at Xq is 


Ord^^Xo) ;= 


lim 

(J —>-0 


a E^{a) 

I^{a) 


if this limit exists. 


The set 

iSo(u) := {xo G hi : Ordi^^Xo) exists and is > 1} 
is the higher order points of v. 


Remark 7 If u ; hi ^ (K, d) is a harmonic map and xq G hi, there exists a 
constant c > 0 depending only on the norm of the domain metric (with 
c = 0 when hi is a Euclidean metric) such that 


a G 


(0, (Jo) e-)- e^^ 




is non-decreasing 


( 1 ) 


for any xq G hi and Uo > 0 sufficiently small. Thus, Ord^{xo) exists for all 
Xo G hi. Furthermore, we have that Ord^{xo) > 1, 


a I—)■ e - TT-TT and a i— )■ e —Vrr;- are non-decreasing. (2) 

^n—2+2a ^n—l+2a ^ ' 

These monotonicity statements above follow from Section 1.2 of [GS] com¬ 
bined with [KSl], [KS2] to justify various technical steps. 


We now define the notion of blow up maps of a map u : hi —)■ (K, d) (not 
necessarily harmonic) at xo G hi. Below, C R” and go is the standard 
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Euclidean metric. We identify xq = 0 and consider v : (i?j?(0), gfo) —t (E, d) 
by assuming that the standard Euclidean coordinates , x"') are normal 

coordinates centered at Xq with respect to the domain metric g. Such metric 
we will henceforth call normalized. For (Tq > 0 small and a function 

z/ : (0, (To) —)■ R>o with lim u{a) = 0, 

(T^0+ 

the blow up map of n at Xq = 0 with scaling factor z/((t) for a G (0, (Tq) is the 
map dehned by 


(Y,d„), v^{x) = v{ax) (3) 


with 

ga{x) = g(ax) and d„{P,Q) = h'(a)~^d{P,Q). 

The approximating harmonic map is the harmonic map 

Wa ■■ {Bi{0),g^) (Y,iz{(T)-^d) with Walaspo) = ^"<^ 1951 ( 0 )- 

Remark 8 If u : hi —)■ (E, (i) is a harmonic map and Xq G fl, then the blow 
up map 


Ua : {Bi{0),ga) —)■ (Y,da) with blow up factor z/((t) = 

at xq is a harmonic map (hence = w^) and {u^} has uniformly bounded 
energy. For any sequence (T* —)■ 0, we can End a subsequence ai' —)■ 0 such that 
{mo-.,} converges locally uniformly in the pullback sense (cf. [KS2] Dehnition 
3.3) to a homogeneous, degree a = Ord^{0) harmonic map u* : (Ri(0),5(o) 
(Eq) do) from a Euclidean ball into a NPC space. Here, homogeneous implies 
to the property that for any ^ G (9Ri(0), the image {u^(tf) : f G (0,1)} is a 
geodesic and 



d{u^(tf), u^{0)) = Pd{u^{f),u^{0)), Vt G (0,1). 

For more details, see [GS] with [KSl], [KS2] to justify various technical steps. 
The following definition and theorem are from [DM1] Appendix 2. 



Definition 9 Let v : Q ^ {Y,d) he a finite energy continuous map from 
a Lipschitz Riemannian domain into an NPC space and let iS be a closed 
subset of ff. We say v satisfies (PI) and (P2) with respect to S if it satisfies 
the properties below. 


(PI) At any xq G iS, we require that v has a well defined order at xq in 
the sense that it satisfies the following property: Assume that v is not con¬ 
stant in any neighborhood of xq and that there exist constants c > 0 and 
Ro > 0 such that for any xq G 5, 

Ord^ixo) := lim ^ exists 

/-o(cr) 

and 

Ordfixo) < Va G (0, Ro). 

(P2) Given a sequence cij —)■ 0, there exists a subsequence (which we call 
again cij by a slight abuse of notation) such that the blow up maps {v„^} and 
the approximating harmonic maps {w^^.} converge locally uniformly in the 
pullback sense to a homogeneous harmonic map Vq : (Ri(0), 5) (Iq; do) foi’ 
some NPC space. For any r G (0,1), 


lim sup d{va^,Wafi = 0. 

Br(0) 


Furthermore, for cij sufficiently small and any sequence {xi} C (0), 

R G (0, |), there exists {rj} C (f , R) such that 


lim 




0 . 


Note that by [DM1] formula (173), 

_ rEZ‘(r) 
ISjra,) /S‘(r) 

Hence, by the homogeneity of Uq; 



r G (0,i?]. 


Ord"{xo) = Ord"°{xo). 


(4) 
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Theorem 10 ([DM1] Appendix 2) Let v : Q ^ (Y,d) be a map satisfy¬ 
ing properties (PI) and (P2) with respeet toS C Q. If there exists eo > 0 sueh 
that for every Xq G S, the homogeneous harmonie map Wq of (PI) assoeiated 
with the point Xq has the property that either 

Ord"°{f)) = 1 or OrP°(0) > 1 + eo 


and 

dim(5o(ro)) <n-2, 

then the set of higher order points in S is of eodimension at least 2; i. e. 

dim(iSo(r) (1 S) <n — 2. 

Corollary 11 Letu : {Ll,g) —)■ (Y,d) be a harmonie map from a Riemannian 
domain into an NPC spaee. If, at every point xq E fl, a tangent map m* of 
u at xq has the property that for either Ord'^*{f)) = 1 or Ord^^ifS) > 1 + eo 
and dim(iSo(M*)) < n — 2, then dim(iSo(M)) < n — 2. 

Proof. Combine Remark 8 and Theorem 10. q.e.d. 


2.2 Harmonic maps into the model space H 

The boundary dT of the Weil-Petersson completion T of Teichmiiller space 
T is stratihed by lower dimensional Teichmiiller spaces and the normal space 
to each stratum is a product of copies of a singular space H called the model 
space. The signihcance of H is that it captures the singular behavior of 
the Weil-Petersson geometry of T. To dehne it, first consider the smooth 
Riemann surface (H, ^(h) where 

H = {(p, 0) G : p > 0, 0 G R} and gu = dp^ -\- p^dcfP'. 

It is straightforward to check that (H, pn) is a geodesically convex Riemann 
surface of Gauss curvature K = Let dn denote the distance function 

on H induced by gu- The model spaee is the metric completion of H with 
respect to du, the distance function induced by pn- More precisely, we let 

H = HU{Po} 
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where Pq is the axis p = 0 identihed to a single point and the distance function 
dn on H is extended to H by setting duiQ, Po) = p ior Q = (p, 0) G H. Then 
H with the distance function du is an NPC space. The distance function on 
the product space H '^ = H x ... x H will be denoted simply by d(-, •). 

The following was proved in the appendix of [DM2]. 

Lemma 12 There exists Cq > 0 sueh that if a sequence of harmonic maps 
{wi = : (5i(0),pi) ^ H} with uniformly bounded energy con¬ 

verges locally uniformly in the pullback sense to a homogenous harmonic 
map Vq : (i?i(0),po) (Xo,do) into an NPC space, limj^oo= Pq and 
Pi converges in (k = ...) to the Euclidean metric go, then 

Ord^°{0) = 1 or Ord^°(0) > 1 + cq. 


and 

dim^(5o(no)) < n - 2. 

Moreover, ifOrd^°{0) = 1, then the pullback distance function of vo is equal 
to that of a linear function. 

2.3 Coordinates of the model space H 

In this section, we introduce two global coordinates on H different from the 
(p, 0) coordinates discussed in Section 2.2. We will refer to (p, 0) as the 
original coordinates. 

2.3.1 The homogeneous coordinates (p, <h) 

For the homogeneous coordinates (p, <h) of H, the first coordinate function 
p is the same as that of the original coordinates, but the second coordinate 
function $ is dehned by setting 


$ = p^0. 

The term homogeneous refers to that fact that the metric pn is invariant 
under the scaling 

p ^ Xp, $ -)■ A®. 
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This can be checked by a straightforward computation (cf. [DM2] or [W]). 
Thus, if we dehne 


i(P=(p,<S>)^P, 

\ Pq if P = Pq 

then the distance function is homogeneous of degree 1 with respect to the 
map P 1-4 AP; in other words 

d{XP,XQ) = Xd{P,Q), VP,g e H, A e (0,oo). ( 6 ) 

The importance of the homogeneous coordinates is that they can be used to 
view blow up maps {mo-} (cf. (3)) of a map v : —)■ H as again maps 

into H. Indeed, write 

V = (np,n$) 

in the homogeneous coordinates (p, *h) and let a > 0 small. By ( 6 ), we can 
think of the blow up maps as 

(^(jp) • (-^1(0)) Per) ^ H ('f) 


given by 


Vap{x) = V ^{a)vp{ax) and v„q,{x) = v ^{a)vq,{ax). 

2.3.2 The coordinates (p, <p) via symmetric geodesics 

In [DM2], we introduced another global coordinate system of H constructed 
by foliating H by geodesics. In order to dehne these coordinates, we hrst 
need the notion of a symmetric geodesic from [DM2]. This is dehned to be 
an arclength parameterized geodesic 7 : (— 00 , cxd) —)■ H such that if we write 
7 = (dp) 7</)) with respect to the original coordinates (p, 0) of H, then 

7p(s) = 7 p(-s) and 7 ^( 5 ) = 

A map I = {Ip, l^) : Pi(0) —)■ H is said to be a symmetric homogeneous degree 
1 map if 

l{x) = 7 (Aa;^) (8) 
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for some A > 0 and a symmetric geodesic 7 . We call the number A the 
stretch of 1. Furthermore, a translation isometry is an isometry 

T; H^H 


dehned by setting 


T{Pq) = Pq and T(p, 0) = (p, 0 + c) 


for some c G R. 

The following lemma, proved in [DM2], explains why symmetric homo¬ 
geneous degree 1 maps naturally arise in the study of harmonic maps into 

H. 

Lemma 13 Assume {wi : (-Bp(0),pj) —H} is a sequence of harmonic maps 
with uniformly bounded total energy converging locally uniformly in the pull¬ 
back sense to a homogeneous harmonic map vq : {Bp{0),go) —)■ (YQ,do) into 
an NPC space, limj^oo= Pq and p* converges in (k = 0,1,.. 
to the Euclidean metric po- If Ord^°{0) = 1, then there exists A > t), a 
rotation R : —)■ R*^, a sequence of translation isometries Tj : H ^ H, 

a sequence of symmetric homogeneous degree 1 maps U : -Bp(O) H with 
dniPoJii^)) 0 and stretch —)■ A such that 

lim sup d-H.{wii, Ti o h o R) = 0, Vr G (0, p). 

Brio) 

We now consider one parameter families of geodesics 

3 

c = (Cp, c,^) : (-CX), CX)) X (-CX), -)-> H (9) 

satisfying the following: 

dc 

• 11—)■ Cp{0,t) satishes the equation -^{0,t) = Cp{0,t), (10) 

3 

• Cp(0,1) = 1 and t) = 0 for all t G (— cxd, -), (11) 

• s t—)■ c*(s) = c(s,t) is a unit speed symmetric geodesic. (12) 

The parameters s and t dehne coordinates of H via the map 

(s, t) hP- c(s, f). 
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Given a symmetric homogeneous degree 1 map I : -Bi(O) —> H, let 

l{x) = {ls{x),lt{x)) 

be the expression of I with respect to the coordinates (s, t). By the construc¬ 
tion of the coordinates {s,t), 

3 

G (—cxD, -) such that l{x) = {ls{x),ltix)) = {Ax^,U) (13) 

where A is the stretch of 1. We refer to the number as the address of 1. In 
particular, we have 

'^h(-Po; ^(0)) = Cp{0,t*) (14) 

We define another set of coordinates (^?, </?), by applying a linear change of 
variables 

{s,t) ^ = {s,t-t^). (15) 

We note that the dehnition {g, (p) depends on t* and we will say that (f?, ip) is 
anchored at t* By dehnition, the map I in (13) is given in coordinates [g^p) 
by 

l{x) = {lp{x),l^{x)) = {Ax^,Q). (16) 

We also record the following simple lemma (cf. [DM2]). 

Lemma 14 If Pi, P 2 G H are given in coordinates (g,p) as Pi = (gi,pi) 
and P 2 = {g 2 :P 2 ), then 

|^?l — ^?2| < dniPi, P2)- 

We write the metric gii with respect to coordinates {g, p) as 

gn = dg^ + J{g,p)dp‘^ (17) 

As seen in [DM2], this local expression of gii with respect to {g, p) is close to 
the local expression gfn = dp^ + p^dcj)^ with respect to {p,(f>). In particular, 
there exists a constant C > 0 such that 

g^ < J{g,p) < C{g +Cp{0,p+ Qf. (18) 

For > 0, dehne the subset 

ii[Po:P]:= {ig,p) eU:\p\<po}. (19) 
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Since the level sets (f = and (f = —v?o are images of geodesic lines q 
c(f?, (po + t*) and g i—)■ c{g, —ipo + t*), the subset H[(^o, t*] is totally geodesic. 
We also dehne 

a[(po,U] := Cp{0,(po + U) = max Cp{0,(p + U). (20) 

{ip:M<ipo} 

In particular, the component function ^{g, p>) of gu is bounds of the form 

< C{g + a[ipo,U]f for {g,ip) e 

In [DM2], we showed that harmonic maps into H[(;/)o, i*] are close to being 
affine; indeed. Theorem 16 below is the main result of that paper. In par¬ 
ticular, is close to being essentially regular in the sense of Gromov- 

Schoen [GS]. We refer to the introduction of [DM2] for a detailed explanation 
of this notion. First, we need the following dehnition. 

Definition 15 We say that a map I = {Ip, Ip) '■ Bi{0) — )■ H written with 
respect to coordinates (f?, ip) is an almost affine map if I p{x) = a ■ x + b for 
a G and 6 G R, i.e. Ip is an affine function. 

Theorem 16 (cf. [DM2]) Let R G [^, 1), i?o > 0, Aq > 0 and a normal¬ 
ized metric g on BffiO) be given. Then there exist C >1 and a > 0 depending 
only on Eq, Aq and g with the following property: 


For 99o > 0 and d G (0,1], if B^p^(Po) is a geodesic ball of radius Affi 
centered at Pq m H, if 

w : (P^r(O), (7s) —t H[^, G] n B^(„9 (Po) 


is a harmonic map with 


and 


then 




< d”Po, 


( 21 ) 


sup du{w,i) < sup dii{w, L)-\-Crftipl, Vr G (0, —] 

Br^(0) Bjip(O) 2 
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where I = {Iq,1^) : -Bi(O) —)■ H is the almost affine map given by 

l^{x) = Wg{0) + Vwg(O) • X, i^{x) = w^{x) 

and L : i?i(0) —)■ H is any almost affine map. 

We also will need the following properties of the subset 

Lemma 17 Let eo G (0,1), Dq G (0, y), 6* G (0,1] and i = 0,1,2,.... If 
Q = {g,(p) satisfies 




-3 


2 * 


, t* ) 


— 2 * ’ 


then 

or 


Proof. Let Q = {g,(p) with 




dMQ.H 


ni 

,t*]) < and 1^1 > 6 »*eo. 


2 ) 2 * ’ - 2 * 

With an intent of arriving at a contradiction, assume 


Q ^ H[ 2 


'e^eo\ 


5 


and let 7 = ( 7 ^, 7 ^^) : [0,1] ^ H be a geodesic with 


,„Je'roV''e'D 


7 ( 0 ) = Q and 7 ( 1 ) G (9H 


', t^ 


2 J 2* 

where 7 ( 1 ) is the point in closest to Q. We first claim 

( 22 ) 


• I f+w ^ 
mm ho[t)\ > -. 
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Indeed, assume on the contrary that 'jgito) < for some to ^ (0,1]. Then 
since 7 £,( 0 ) > 6**eo, we obtain 


6% 

2 


< l7p(^o)-7e(0)l 


(■to 

< / 

die 

dt < 

rto 

di 

Jo 

dt 


Jo 

dt 


dt 


< du{Q,li[ 


'e^eo\ 




< m 

- 2 * 


This contradicts the assumption that Dq G (0, and proves (22). Combined 
with (18), we conclude 

Therefore 


0 To 






< 


< 


< 


7) /: 


ch7 . X 

dt ^ ^ 


dt 


nl 



dt 


\ 


> 


jm) 


d'jy. 


dt 


it) 


dt 


< 


length ( 7 ) 

'^h(Q,7(1)) 


which in turn implies 


1^1 <2 




In other words. 


Q e H[ 2 
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This contradiction proves the assertion, q.e.d. 


To prove regularity of harmonic maps, [GS] introduces the notion of a 
homogeneous map being effectively contained in a totally geodesic subspace. 
The following lemma plays an analogous role in our setting. 


Lemma 18 Fix 6 

{ 0 , 1 , 2 ,...}, if 


G (0,^). Given A > 0, Cq > 0 Hq ^ (0;^) ^ ^ 


il ; B0i (0) —)■ H 


2 j 2 * 


and 

V : Bgi{0) —H 


satisfies 

sup Ug — Ax^\ 
BeiiO) 

< 0*eo 

and 

sup dii{v,il) < 

BgiiO) 

ewo 
2 * ’ 

then 




(23) 

(24) 


Vol 


X G B 0 i{t)) : v{x) ^ H[2 



< 


2 eo 

~A' 


where Vol is the volume with respect to Euclidean metric. 

Proof. Since il{x) G assumption (24) implies that 

we have for x G i?6)i(0) 


dH(t'(a:),H' 


'OVo' 


-3 


ewr 


,t*]) < sup dH{v,il) < 


Bgi ( 0 ) 


0^Do 

2 * 


Thus, Lemma 17 implies that 


X G B 0 i{O) : v{x) ^ H[2 ^^ 


-3 


.27 2 

C {x G B 0 i{O) : \v^{x)\ < 9Vo}. 
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Furthermore, assumption (23) implies 


\Ax^\ < \Ax^ — Vg{x) \ + |ug(a;)| < 29'^eo 

in Bgi{0). Hence 

{x e Bgi{0) : \vg{x)\ < 6**eo} C {x G Bgi{0) : \Ax^\ < 26**eo}. 
The assertion now follows from the fact that 

Vol{x G B 0 .{O) : < 20To} < 

yd 

Q.E.D. 


2.4 Harmonic maps into the Weil-Petersson comple¬ 
tion T 

Let T = T{S) be the Teichmiiller space of an oriented surface S of genus 
g and p marked points such that A; = 35 f — 3+p>0 and T be the Weil- 
Petersson completion of T. The complex dimension of T is k = 3g — 3 — p. 
The space T is a stratihed space; more precisely, we can write 

T = (jr 

where T' = T or T' is a lower dimensional Teichmiiller space corresponding 
to the original surface with a number of curves pinched (see [Ab] or [Wol] for 
further details). Recall that all the strata are totally geodesic with respect 
to the Weil-Petersson distance. For our purposes, a local model for the 
stratihcation is described as follows: Given a point P G T, let P be in 
a stratum T' of complex dimension j G k}. First notice that the 

stratihcation of H = H U {Pq} induces a stratihcation on the product space 
C-^ X ^. There exists a neighborhood AA C T of P, a neighborhood 
W C C-^' of C> = (0 ,..., 0), a neighborhood V C of Pq = (Pq, • • •, Po) 
and a stratification preserving homeomorphism 

T:A/'^WxVcC^'x (25) 


such that 
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[i) ^ induces a diffeomorphism on each stratum. 

(n) ^(P) = {O, Vo) = (0,..., 0, Po,..., Po) G W X 

{Hi) There exists a hermitian metric G along each stratum of W x V such 
that 

T : (A/*, G\yp) — y {pi X V, G) 

is a hermitian isometry between stratihed spaces, where Gwp denotes 
the Weil-Petersson metric on each stratum of T. 

For a map u : Q ^ T, we dehne its regular set and singular set as 

Tl{u) = {x G : 3r > 0 such that Br{u{x)) C T' for a stratum T' of T} 

and 

S{u) = il\}Z{u). 

A point in 7l{u) is called a regular point and a point in S{u) is called a 
singular point. 

We dehne # : T —)■ {1,..., A;} by setting 


tP = J 


and we say 

(C-^ X \ do) is a local model at P eT. (26) 

We can decompose the singular set S{u) of a harmonic map u : Q T as a 
disjoint union of sets 

k 

5(m) = U 4(w) 

j=0 

where 

Sj{u) = {xE S{u) : H-u{x) = j}, j = 1,..., /c. 

Furthermore, let 

Sj{u) = Sj{u)\So{u) (27) 

where recall that iSo(m) is the set of higher order points. In other words, 
Sj{u) is the set of order 1 singular points of Sj{u). If pP = k, then P EP, 
and hence P G P{u). Thus, Sk{u) = Sk{u) = 0. 
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If x* G Sj{u), then there exists a* > 0 such that we can represent the 
restriction map as 

u = {V,v) : ^ (C^' x (28) 

We observe that by dehnition, 

<Si{u) n = Si{u) n = ij), Wl = 1,... ,k - j + 1. (29) 

Using the natural identihcation U = U x {Pq} we extend to C-^ the pullback 

H-.= ^-X^GwP 

dehned on U d C\ where in the above Gwp denotes the Weil-Petersson 
metric on the stratum Tb Furthermore, we denote by h the product metric 
on any product i.e. 

(H\ h) = (H X ... X H, 5 (h © ... © S'h) 

which induces a metric on the stratihed space ^. The regular component 

map of u is the map 


V:{BXx.),g)^{a,H) 

into the hermitian manifold {C\H). The singular component of u is the 
map 

n = (n\ .. : {BXx.),9) ^ (a^~\d) 

into the NPC space (H^ \ d) where d be distance function on ^ induced 
by the hermitian metric h = © • • • © fi'H on 

2.5 Harmonic maps into asymptotically product spaces 

In [DM1], we developed a general technique for studying harmonic maps 
into special NPC spaces that are asymptotically a product space. There, we 
are specihcally interested in “differentiable manifold connected complexes” 
or DM-complexes for short (generalizing the “flat connected” or F-connected 
complexes of [GS]). A DM-complex Y is characterized by the property that 
every two points of Y is contained in a DM, or a differentiable manifold with 
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a Riemannian metric, isometrically embedded in Y. In [DM1], we proved the 
corresponding statements of Theorem 1 and Theorem 2 for a harmonic map 
into a DM-complex with the singular set dehned as the complement of the 
set of points whose neighborhood is mapped to a single DM. 

On the other hand, as discussed in [DM1], the theory works in a more 
general context, and we will apply it to prove Theorem 1 and Theorem 2. 
Below, we list the assumptions needed in [DM1] for a local representation 

u = {V,v) : ^ (C^' X 

of a harmonic map into H. In Section 5, we apply the inductive argument 
(with respect to the integer j) of [DM1] by showing that at each step of the 
induction, these assumptions hold. 

Assumption 1 The NPC space ^ (endowed with product distance func¬ 
tion d) has a homogeneous structure with respect to a base point Vq = 
{Pq, ..., Pq) G H ■^. In other words, there is a continuous map 

R>o X ^ (A, P) ^ XP 

such that Wo = Vo for every A > 0 and the distance function d is homoge¬ 
neous of degree 1 with respect to this map, i.e. 

d{XP, XP’) = Xd{P, P’), VP, P' G 

Assumption 2 The metric H on C-^ and the metric h of are such that 
the metric G is asymptotically the product metric P[(Bh in the following sense: 


First note that, any holomorphic coordinate system n on H induces coor¬ 
dinates on the stratihed space H \ With this understood, there exist con¬ 
stants C > 0, e G (0, \) and holomorphic coordinates n on H such that if, 
with respect to the standard coordinates (R^,..., W) of C-^ and the coordi¬ 
nates ..., v^) of induced by n, we write 


G{y,v) 


H{V) = 

h{v) = {h-i{v)), 
Gjt{V,v) Gjj{V,v) \ 
Gn:iV,v) G,j{V,v)J^ 


H-\V) - 

h~^{v) = 

G-\V,v) 


- (H^^V)), 

(P'(n)),_ 

^ ( G^^{V,v) 
V &^{V,v) 


G^\V,v) \ 
G^\V,v) ) 
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with I,L = 1,..., j and i,l = j + 1,... ,k then the following estimates hold: 


C°-estimates: 


\GdV,v)\ 


< CH(Vy^H(V)l^,P(v,P„) 


< CH(V)]jh{v)ld^v,P„) 


\GiiiV,v)-hii(v)\ < CHv)lh{v)lcP(v,P,) 


C^-estimates: 


(30) 


\TirTGcK(V,v)\ < CH(V)]-jH(V)ljH(y) 


2 _ 

KK 


I ^ 

I dv^ 

d 


Gjt:{V,v)\ < Ch{v)lH{V)]jH{V)l^d{v,Po) 
wrG^j{V,v)\ < CH{V)lH{V)lj.h{v)ld{v,Po) 

h{v)l 

^G^j{y,v)\ < CH{y)l-^h{v)lh{v)l 


\^Gn{V,v)\ < CH{V)]-^h{v) 

d 


2 

mm' 


^{G,j{V,v)-ha{v))\ < Ch{v)l:^h{v)lh{v)l 


C^-estimates of the inverse: 

\G^^{V,v) - H^'^{V)\ 
\G^\V,v)\ 


< GH^[{V)-2H^^{Vy2d\v,Po) 

< GH^^{V)^h^\v)^ d‘^{v,Po) 


\G^’'{V, v) — P’-{v)\ < GP''{v) 2 p\v )2 d?{v^PQ) 


(31) 


(32) 


Almost diagonal condition for H and h with respect to the coordinates 
{y\...,V^) and (n^+i,...,n^); 


HaiV) < eHrAV)--H^-^{V) 2 {I ^ L), h,j{v) < eh^v)-^ ha{v )2 {t ^ /) 
H„(V)H“(,V) < C, A,7(«)A“('t>) < C 


Bounds on the derivatives for H and h: 

< Clig(v) 2 hii{v)'sli,„„(v)T. 
Assumption 3 The set Sj{u) satishes the following: 

(i) v(x) = Vo for X € Sj(u) n B„. (i.) 


(33) 


( 34 ) 


23 



{ii) dim^((iS(M)\iSj(M)) fl < n — 2. 

Assumption 4 For Br{xq) C and any harmonic map 

w : {BR{xo),g) (H^ \d), 

denote by Tl{u, w) the set of points x with the property that there exists r > 0 
such that there exists a stratum S of ^ such that for every Pq ^ v{Br{x)) 
and Pi G w{Br{x)) P* = (1 — t)Po + tPi G S for all t G (0,1). As usual, the 
sum here indicates geodesic interpolation. Then 7l{u, w) is of full measure 
in n{u) n Br{xo). 

By [DM1] Remark 32, the results of [DM1] Section 6 are valid whenever 
Assumptions 1-4 are satisfied. The main result of that section is 

Theorem 19 (The First Variation Formula for the Target) Let 

u = (V,n) : {B^Sx,),g) ^ (C^' x 

he a harmonic map as in (28). Given R G (0,(T*), a harmonic map 

w ; P«(0) ^ 

and a non-negative smooth function g with compact support in Br{x.^), define 
Vtfix) = (1 — tg{x))v{x) -\- tg{x)w{x) 

where the sum indicates geometric interpolation in ^. If Assumptions 1-4 
are satisfied, then there exists (Tq > 0 and C > 0 such that 

limsup- <C / g{d{v, Pq)-\-\'V v\)d{v,w)dfv (35) 

t^o+ t Jb,{o) 

for a G (0,(To]- Furthermore, C and ao depend only on the constant in the 
estimates (30), (31), (32), (33) and (34) of the metric G, the domain metric 
g, the Lipschitz constant of u in Br{0). 
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Proof. The proof is contained in [DM1] with only minor differences due 
to the fact that in our case the strata are not necessarily closed. Indeed, the 
closeness assumption of the strata in [DM1] can be easily replaced by the 
fact that the interior of a geodesic in H ^ connecting two points depends 
smoothly on the end points. With the notation as in [DM1] Section 6, this 
implies the following facts needed in the proof: If S is a stratum of ^ and 
So and Si are two strata of S (i.e. So,Si C (9S) such that v{Br{x)) C Sq 
and w{JZ{w) fl Br{x)) C Si, then the geodesic interpolation 

V : Br{x) X [0,1] \ v{y, t) = (1 - t)v{y) + tw{y) 


satishes the following properties: 

(1) The point Vtr,{y) = v{y, trj) is in S for all x G Br{x) and t G (0,1) where 
7] G C°°{Br{x)), 0 < rj{x) < 1. 

(2) For any y G Br{x), the function t i—)■ hf^{vtr,)^^{y) is continous in 
tG[0,l), 

(3) For any y G Br{x), the function t i— )■ hfi{vtrj)-^{y) is continous in 
t G [0,1) and 

(4) For any y G Br{x), the function 1 1 —)■ d{v,Vo)hfi{vtrj)-;^-^{y) converges 
as t —)■ O'*' to 


d{v,Vo)hli{vtn 


lim inf ^— 

T^0+ 


£f(|/,0) 


r 


Given these facts, the proof of the proposition now follows as in [DM1]. 

Q.E.D. 


Additionally, by [DM1] Remark 42, the results of [DM1] Section 7 are 
valid whenever Assumption 1-4 are satished. In particular, we have the 
following. 

Lemma 20 Let 


u = {V,v) : ^ (C^' x h" ^dc) 
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be a harmonic map as in (28). For xq = 0 G fl Sj iu), 5,0 (0) C 

5^(a;*) and w, be the blow up map of v at xq = t) where the blow up factor 

z/((t) is equal to either or Assume < A. For r E 

(0,1), there exists a constant C > 0 depending only on r, the constant in 
the estimates (30)-(34) for the target metric G, the domain metric g, the 
Lipschitz constant ofu and A such that for any a G (0, (Tq) and any harmonic 
map 

with E'^{1) < we have 

sup d‘^{va,w)<C [ d‘^{vo-,w)dT.(^ + CaA^. (36) 


Proof. In the first case when z/((t) is equal to \J inequality (36) 
follows immediately from [DM1], Lemma 48. The second case when u(a) = 

is similar, q.e.d. 


Assumption 5 For almost every x G Sj{u), we have 

|Vnp(a;) = 0 and |VP|2(a;) = |VM|2(a;). 

Assumption 6 For any subdomain D compactly contained in 

B^{x,)\(^S{u)nv-\Po)), 

there exists a sequence of smooth functions {ipi} with = 0 in a neighbor¬ 
hood of iS(n) n D, 0 < < 1, —)■ 1 for all x G il\S{u) such that 

lim / IVVul IVDJ du = 0. 

(x*) 

-r 

Following [DM1], we can show that under the above assumptions, the 
singular component map n of a local representation has a well-dehned order 
and a tangent map. More precisely, we have the following statement which 
should be compared to Remark 7 and Remark 8. 
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Theorem 21 If the metric G on x \ H on , h on ^ and the 
local representation 


u = {V,v) : ^ (C^' x h" ^dc) 

satisfies Assumptions 1-6, then v satisfies (PI) and (P2) with respect Sj{u 
as in Definition 9. Furthermore, there exists c > 0 such that 

Ilia) , „ EQ{a) 


a 1-4 e 


and a 1-4 


^11—1+20; ^n—2+2 q: 

are monotone non-decreasing functions where a = Ord^{xo). 


(37) 


3 Asymptotically harmonic maps 

The singular component map v : P_r(0) —> ^ of a local representation 

(28) is not necessarily harmonic. However, we will later prove that blow up 
maps of the singular component map n of a harmonic map u into T satisfy 
the following dehnition. 

Definition 22 We say that a sequence of maps {vi : {Bi{0),gi) is 

a sequence of asymptotically harmonic maps if the following conditions are 
satished: 

{i) The sequence of metrics {gi} on Pi(0) C converges in for any 
/c = 1, 2,... to the Euclidean metric go on Pi(0) C R"". 

(a) For R G (0,1), there exists a constant Pq > 0 such that < A^Eo 

for d e (0, R]. 

{Hi) The sequence {n*} converges locally uniformly in the pullback sense to 
a homogeneous harmonic map Vq : {Bi{0),go) —)■ (Tq; c^o) into an NPC 
space. (Note that because H is not locally compact, we cannot 
assume that Yq is H ^). 

{iv) For a hxed R G (0,1) and r G (0,1), there exist cq > 0 and a sequence 
Cj —)■ 0 such that for any harmonic map w : (Pij( 0 ), 5 fj) —)■ ^ with 

E^{R) < E^fiR), we have 

sup d?{vi,w) < ° / cfi{vi,w)dE Y Cilfi, WA G (0,P]. (38) 

Br-YO) JdBYO) 
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Remark 23 The subsequence of blow up maps in Remark 8 is a sequence 
of asymptotically harmonic maps. In particular, since is harmonic for 
each i, inequality (38) is satished with vi = and c* = 0 (cf. [KSl] Lemma 
2.4.2). 

The next lemma is one of the key technical ingredients in this paper. We 
will it later apply it to a blow up map of a singular component map of a 
harmonic map into T. As noted in the introduction, its predecessor is [GS] 
Theorem 5.1. 

Inductive Lemma 24 Given cq > 1, Eo,A^,... ,A^ > 0, there exist 9 G 
(0, ^), eo > 0 and Dq > 0 that satisfy the following statement. 


Assume the following: 

• The map 

/ = (/I o ..., r o r+\ ..., l^-^) ; Bei{Q) 

is such that R^ is a rotation, 

R{x) = 0) in coordinates {g,(p) anchored at t^ G (— cxd, |) (cf. (15)) 

for fx = 1,... ,m and 


R is identically egual to Pq 
for p, = m + 1,... ,k — j. 

The subset H[2 satisfies 

“P iJl = «l^. ta < f (a (20)) (39) 

for /i = 1 ,..., m. 

The map 

n = (n\...,n^-^');(Ri(0),(7)^H"-^' 
is such that g is a normalized metric, 

n(0) = Vo, E'’{§) < (40) 

and 



for i? G (0, |], a harmonic map w : 
E'^iO'^R) < E'"{6^R) and a constant 

9^ 

28 ’ 


with 

(41) 


we have 

sup d^{v,w)<—^—f d^{v,w)dJ:+ce^\ (42) 

Si5e«H(o) {^"Rr 

16 


• The metrie g is sujjieiently elose to the Euclidean metric such that if 
we denote Vol and Volg to be the volume with respect to the standard 
Euclidean metric and the metric g respectively, then 

^-^Vol{S) < Volg{S) < ^VoliS) (43) 

for any smooth submanifold S of 

• The map 

d = (,/' O (i?i)-\ ..., O {RY\,r+\ ; BedO) ^ H"■^ 


is such that 

,P;5,.(0)->H[ 


'0Ro\ "OWo 


, df] is an almost affine map 


for fx = 1,... ,m (cf. Definition 15) and 

d^ is identically equal to Pq 


for jx = m + 1,... ,k — j. 

• The constant id > 0 is such that 

sup d{v,d) < 

BeiiO) ^ 

' i Q—^£) 

sup \vf o R>^[x) — < ddS < — 7 —:^ 

^ BeiiO) fc=0 


(44) 
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Then there exists a map 


,+i/ = ..., ..., ; Be.+i (0) ^ H 

such that 

-3 


TT^-i 




, t^] is an almost affine map 


for 

,m, 

for p = m + 

1 ,..., 

/ 

sup d{y. 

) i+lO 

(0) 


< snp \vf 

oi?^(, 

Bgi+l (0) 



i+iB is identically equal to Pq 


Do 

2i+i 


3*+l 




0i+i ^ 0i+i 


k=0 


2k- 


sup + lo) 9-^Do. 

Bei+iiO) \ eo / 


Proof. Let 


Amin := min{A\ ..., A”"} and A^ax := max{A\ ..., A”"}. (46) 


For i? = |, i?o > 0 as in (40), Aq = 4Amax and the metric g given in the 
statement of the theorem, let 


Let 9 G (0, min{ 


and 


C > 1 and q; > 0 be as in Theorem 16. 

(47) 

^, ^}) snfficiently small snch that 


C9 < 1, 

(48) 

C9" < f, 

(49) 

ce^ < G- 

(50) 


^ (45) 
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Define 


- (^) 


Choose Do > 0 such that 


Dn < min 


f €-0 ^m^Ti 

\2^^mC' 4 ’~8~ 


(51) 


(52) 


Furthermore, inequality (52) implies 86 ^Dq < cq. Combining this with (44), 
we obtain 

sup \v^ o R>^{x) - < 6^86-^Do < 6\o- 

Bgi ( 0 ) 

Thus, the assumption (23) of Lemma 18 is satished. Additionally, the as¬ 
sumption (24) of Lemma 18 is implied by (44). Thus, Lemma 18 and (43) 
imply 

which in turn implies that there exists R G [|, |] with the property that 
VolgL e dBe.R{0) : o R>^{x) i H[2 


(53) 


Let 

be the harmonic map dehned as follows: 

• Let 

IT" : H ^ H|2 

be the closest point projection map and 

u-*-: B„.h(0) ^ H|2 = 

be the harmonic map with boundary value equal to o v^. 
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• For /i = m + 1,..., /c — j, let be identically equal to Pq. 

By the definition of the fact that iP{x) G for /i = 

1,..., m and that iP{x) = Pq for fi = m + 1,..., k — j, we conclude 


d{v{x),w{x)) < d{v{x),il{x)), 'ix G 
Since 6* < ^, we have 9^ < and thus (41) implies 


(54) 


= c»-v‘+^ < 


(55) 


We thus obtain 

sup d‘^{v,w) < 

^ ISeiR 
16 

< 


Co 




d\v,w)dJ: + ce-^^ (by (42)) 


sup d^{v, w) + (by (53)) 

^min dBgi^{0) 
rp,n+2, „ 

< - ^—— sup d!^{v, il) + (by (54)) 


< 


^min dBgi^iO) 

22-+2,0C0 


4 ■ 

-^mir 


n2 

^ ^ 2i+2 ^0 


+ (by (44)) 

(by (51) and (55)), 


or more simply 


22j+8 


sup d{v,w)<9^^^ 


B, 




,( 0 ) 


Do 

2i+4- 


Combining (44) and (57), we obtain 


Dn 


sup d{w,il) < sup d{v,w)+ sup d{v,il)<9^—— 


B gi (0) 


B gi (0) 

T 


B gi (0) 


(56) 


(57) 


(58) 


We will now check that we can apply Theorem 16. We fix i? = |, i7o as in 

(40), Aq = 4:Amax- With (fo = 2 and -9 = 9\ First, note that since 

a projection into a convex set in an NPC space is distance non-increasing. 
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we obtain < E^{6^) < 6^'^Eo by (40). Next, Lemma 14, 

(57), (44) and (52) imply that in 5159 ,^( 0 ), we have 

16 

\w^,oR^\ < + |n^oi?^-ylV| + | 7 lV| 

< 4e^A>^<Ao^. 


Thus, maps into fl B^g^(Po)- Finally, (39) implies 

= “[2 (^)' = “i^. < I = 5 

which is assumption (21) of Theorem 16. Thus, with 

iE = L, i+iE = I, § = 9\ ^ r = 9 

in Theorem 16, we have by the choice of the constants in (47) that 


sup < C9^+^ sup du{w^^,iE) + ( 2 f-) 

Bgi+liO) Bgi(O) \ \2J 

T 


eo\ ^ 

2 * 


This immediately implies 


sup d{w, i+il) < C9^^'^ sup d{w, il) + mC9^~^^ (2 (—"] — 

ei+iiO) BgUO) \ \2J 2 *; 


B, 

hence 

sup d{w,i+il) < C9^+^9^^ + mC9^+^ (by (58)) 

Bg^+iio) 2* e);2"* 

< (by (49) and (52)). 

Combined with (57), we obtain 

sup d{v,i+il) < sup d{v,w) + sup d{w,i+il) 

Bgi+i ( 0 ) ( 0 ) B^i^i ( 0 ) 

i+1 Do 


(59) 

(60) 


< 0* 


2^+3 • 


(61) 
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This implies the hrst inequality of (45). Furthermore, note that 
by dehnition (cf. Theorem 16). Since 6 G (0, |), 


l*+iC(^)l = \K(^)\ ^ 2 




< 


2*+i 


(62) 






Thus, we conclude i+i/^ maps into H[(^ ^ ^ 

We now proceed with the proof of the second inequality of (45). Let 
= 0 for ij, = m + l,...,k — j for simplicity. Since o R^^[x) and 
are both affine functions and n^(0) = Pq; we have for every x G Pei(O) 

o R>^{ex) - A^^ex^\ 

= 1(1 - 0),/^(o) + e{r, o R^{x) - aV)| 

< (1 - e)d{r, o P^(0),t;^(0)) + e\r, o R^{x) - AV| 

< (1 - e)d{iR^ O p^(0), n^(0)) + ed{iR O R^^{x),v^ O p^(a;)) 

+ 6\v^ o R^[x) — A^x^\ (by Lemma 14) 

< + (by (44)) 


= P+1 
which implies 


id + 


D.e-^' 


sup \iR O R^^{x) - A^a;i | < 0*+i ^5 + 




B 


01+1 


(0) 


(63) 


Thus, for X G P^i+pO) 
o R^[x) — A^x^\ 

< o R>^{x) - o R^^{x) I + 1*/^ o R>^{x) - A^a;i | 

< d-aiy^ o R^{x),iR o R^^[x))+ \iR^o R^^[x) — A^x^\ (by Lemma 14) 

(by (44) and (63)) 


< P^ + P+MP + '^° 




< 0*+l P + 


2Pn0”l' 


< P+l^ 


*+l 0-lp, 


fc =0 


2k-2 


(by (44)). 
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This is the second inequality of (45). 


Finally, we will prove the third inequality of (45). Since /^(x) = 0) 

and since by (44) 

* e-^Dn 


ii<T. 


k=0 


2k- 


< 
2 — 


D-1 


Dr 


we conclude from (63) that 

sup o [x), 0), D{x)) = sup \il^ o R^[x) — A^x^l < 96^Do. 

Bgi+i{0) Bgi+i{0) 

Thus, for X G B 0 i+i{O), 

d{roR>^{x),{r0oR>^{x),o)) 


< {r,oR^{x)nRoR>^{x)\ 


-3 


< + 90^)3 ,2 ((by (44)) 




^0 


Combining the above two inequalities, we obtain 


d{iD o Rf^{x),D{x)) < 9^ 


'23 {A + 9Do) 

■. ^0 


+ 9 Dr. 


Combined with (44), 


sup d{v^,D) < sup d{v^,iDoR^)+ sup d{iDoR>^^R) 

Bgi+i{0) Bgi+i(0) Bgi+i(0) 


< 0* 


'23 {A + 9Do) 
, ^0 


+ 10 Da. 


Hence, 


sup d{v,l) < sup d{iD o R^{x), D{x)) 

Bgi+i{0) Bgi^i{0) 


< m6^ 


'23 (H + 9Zlo) 


+ 10 Dr 


Q.E.D. 
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Proposition 25 Given cq > 1, Eq, ..., > 0, there exist Dq G (0,1) 

and c > 0 with the following property: 

Assume 

• The map 

/ = (/I O {RY\ {R^)-\ r+\ ..., l^-^) : Be.{0) -P 

is such that R^ is a rotation, 

E{x) = 0) in coordinates {g,(p) anchored at t^ G (— cxd, |) (cf. (15)) 

and 

<iH(Po.i'‘(0)) = c,(0,«n < ^ (cf. (14)) 
for p = 1,... ,m and 


iE is identically equal to Pq 


for p, = m + 1,... ,k — j. 

• The map 

is such that g is a normalized metric, 

E^{^)<^^Eo, sup d{v,l) < D (4 

Bi(0) 

and 

for tl E (0, ^), P G [|, |] and a harmonic map w : {B^ji{0),g) -E 

sup d‘^(v,w) < —- / d'^(v,w)dT + cid^. (64) 

16 
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• The metric g is sujficiently close to the Euclidean metric such that if 
we denote Vol and Volg to be the volume with respect to the standard 
Euclidean metric and the metric g respectively, then 

^^Vol{S) < VolgiS) < ^Vol{S) 

for any smooth submanifold S of Bi{0). 

Then w(0) ^ Vq. 


Proof. Let 6, eo and Dq be as in the Indnctive Lemma 24 and let 
c = By assumption, 

sup d{v, 1) < Dq. (65) 

Bi(0) 

1 . 

We will also assume n(0) = Vq. In order to arrive at a contradiction, we 
will apply Inductive Lemma 24 starting with I = qI and o(5 = Dq (cf. as¬ 
sumption (44) of the Inductive Lemma 24). To do so, we need to verify 
assumption (39) of Inductive Lemma 24; in other words, we need to show 


a [2 



. IQDo 






For this purpose, we note the constants 6 and Cq are chosen before the con¬ 
stant Dq in the proof of Inductive Lemma 24; hence, there is no loss of 
generality in assuming that Dq is chosen sufficiently small (cf. (52)) such 


that 



< 1 


( 66 ) 


and 


m 


'23 {A + 9Dq) 
^0 


+ 10 Q-^Dq < 


V8‘ 


(67) 


For /i = 1,... ,m, recall that t^ is the address of D (cf. (13)). Reordering if 
necessary, we can assume 


t 


1 

* 


max{tl ,... ,C}- 


( 68 ) 
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Let io be the non-negative integer such that 


nio+l nio 

Recall by (10) and (11) that t ^ Cp(0,t) =: /(t) satishes 

f'{t) = f{t) with /(I) = 1. 

Solving this differential equation, we obtain 

1 


m = 




and 


^ _ 3 1 


2 2/2(t)- 

In particular, since f{tl) = Cp(0,t^) < we have 


Therefore, if 


1 _ 3 1^3 4 

~~2^ 2P{Q ^ “2 ^ 

IGDo 


i e {l,2,...,io} and \tl - t\ < 


e|]6'2*2* ’ 


then by (66) and (70) 


1 32T)o 

3-2t>3-2tl- > 


4 8 4 

> 


In turn, this implies 


02*0 02 * 2 * - 02 * 02 * 


Cp(0,t) = f{t) = ^ 


y/3^^ 2 


In summary, we have shown 


16,/^ 

I e {1,2,.^ Cp(o,«; + 





By (10), t H-)■ Cp(0, t) is an increasing function. Since tl > for fj, = 2,... ,m, 
this implies that 


f e {1, 2,...,io} 


In other words, the assumption (39) of Inductive Lemma 24 is satisfied for 
i = 0,1,2,... ,iQ. We can now complete the proof by applying the Inductive 
Lemma 24 as follows: 


Let qI = I and o5 = Do (cf- assumption (44) of the Inductive Lemma 24). 
By (65) and Lemma 14, 

{ sup d{v, qI) < Dq 
BeiO) 

sup \v^ o — A>^x^\ < od < 4:6~^Do. 

BeiO) 

We apply the Inductive Lemma 24 for f = 1, 2,..., io to obtain 

sup d{v,l) < (^+^9-Po) — 1 _ (^^1) 

Bffio+i(0) V ^0 / 


Thus, 

51*0+1 


< Cp(0,tl) (by (68) and (69)) 

= dH(^o,/^ o (^^)"^(0)) (by (14)) 

= dH(t'^(0),/^ o (i?^)“^(0)) (by the assumption that n(0) = Pq) 

< i^(i'(0),/(0)) 


< 


+ 10^ d-^Do (by (71)) 


^* 0+1 

< ^ (by (67)). 

This contradicts our assumption that n(0) = Pq- Q-E.d. 

We now come to the main result regarding asymptotic harmonic maps. 
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Proposition 26 There exists eo > 0 such that if a sequence of asymptotic 
harmonic maps {vi : (-Bi(O) C H with t;i(0) = Vo converges 

locally uniformly in the pullback sense (cf. [KS2] Definition 3.3) to a non¬ 
constant homogeneous harmonic map Vq : (-Bi(O), ^fo) (^O; <^o) into an NPC 
space, then 


Or(r°{0) > 1 + eo and dim^(iSo(wo)) <n — 2. 

Proof. Let Wi : i?3(0) —)■ ^ be the harmonic map whose boundary 

values agree with that of Letting 

% 

R = ^ = -, r = - (72) 

4 3 

and w = Wi in [iv) of Dehnition 22, we obtain 

lim sup d^{vi,Wi) = 0. (73) 

1^.00 gi (g) 

1 , 

The total energies of {wi} are uniformly bounded since the total energies of 
{vi} in B3(0) are uniformly bounded by (ii) of Dehnition 22. Thus, {wf} 
have uniform local Lipschitz estimates. This then implies, by Proposition 
3.7 of [KS2], that a subsequence of {wf} (for all p, = 1,..., k — j) converges 
locally uniformly in the pullback sense to a limit map by Vq : B3(0) —)■ Yg^. 
By (73), the sequence {wi} also converges locally uniformly in the pullback 
sense to t^olB^(o) d{wi{0),Vo) —)■ 0. Thus, 

^oIb 3 (o) = ■■ B3{0) ^ Yo = Yf) X ... X Yq~T 

% 

Since the Lipschitz constants of {wf} is uniformly bounded in Ri (0), Ug /g^ 

is a harmonic map by Theorem 3.11 of [KS2]. Since (q) is a homogeneous 

map, so is each of Ug,... ,Uq~L By reordering if necessary, we can assume 
Vq, ... ,v^ are non-constant maps and ..., Vq~^ identically equal to Pq. 

By Lemma 12, it suffices to prove that Ord'"°{0) ^ 1. Thus, with the 
intent of arriving at a contradiction, we assume Ord^°{0) = 1 which implies 
that (0) = 1 for p = 1,..., m. By Lemma 13, we conclude that, for 
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each /i G {1,... ,m}, there exists a sequence of translation isometries {Tf}, 
a rotation : R"" —)■ R” and a sequence of symmetric homogeneous degree 
1 maps {/f} with —)■ 0 and stretch converging, say to such 

that 

lim sup Tt o If o R^^) = 0. (74) 

1^00 (0) 

The above dehnes the constants ..., Combined with (73), we see 
that 

lim sup d{vf, Tf o If o R^) = 0 . 

Si (0) 

With the constants as in (72), let Cq > 1 be as in Dehnition 22, condition 
{iv) and i7o > 0 the Lipschitz bound of {u*} in -Bi (0). Let Dq > 0 and c > 0 
be as in Proposition 25. By fiv) of Dehnition 22, we can £x i sufficiently 
large such that Q < c and by (74), 


sup d{vf 

,Tt olf 0 R^^) <—, V/i G 

Si(0) 

m 

and 

1 

d(Ti‘olf 

oP^(0),Po) < ^, Vp G 

Define / = {R, ..., R~^\ 

) ; Pi(0) — )■ ^ by setting 


R = Tf olf o R^, Vp = 1 ,..., m and R = Pq, Vp = m + 1 ,..., /c — j. 
Thus, 

sup d{vi, 1) < Dq. 

Bi(0) 

Thus, we can apply Proposition 25 to conclude that Ui(0) 7 ^ Vq. This con¬ 
tradiction proves Ord^°{0) 7 ^ 1. q.e.d. 


Corollary 27 Letv : ^ satisfy properties (PI) and (P2) with 

respect to S G v~^(Vo). If, for each x E S, there exists a sequence of blow 
up maps of V at x that is a sequence of asymptotically harmonic maps, then 

dim^(S') < n — 2. 
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Proof. Proposition 26 and (4) imply that if a; G S' and vq a tangent 
map of V at xq, then ord^(x) = ord^°(x) > 1 + eo- The Corollary follows 
immediately from Theorem 10. q.e.d. 


Corollary 28 Let u : H be a harmonic map. 

dim^(iS(M)) < n — 2. 

Proof. Follows immediately from Corollary 27 and Remark 23. q.e.d. 


4 Blow up maps of u and higher order points 

The goal of this section is to show that the set of singular points of order 
> 1 is of Hausdorff codimension 1. As in (28), let 


u = {V,v) : ^ (C^' x h" ^ dc) 


be a local representation of a harmonic map into T. For xq G Sj{u), identify 
Xq = 0 via normal coordinates for the metric g and identify V (xq) = 0 via 
normal coordinates for the metric H. In this section, we consider the family 
of blow up maps {mo-} described in Remark 8; in other words, the scaling 
factor is given by 





(75) 


We now dehne the maps 




and v^:{B,{0),g,)^iU^-\h) 


by setting 


and 


Va{x) = fi ^{a)V{ax) and v^^^x) = fj, ^{a)v{ax) 
gu{.x) = g{ax) and i7^(a)(l/) = H{ij,{a)y). 
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Thus, the blow up map of u at xq = 0 can be written as 


^ (C^' X h" (76) 

where is the distance function induced by the metric 

G^,{a){y,P) = G'(/i(a)|/,/i(a)P). 

Lemma 29 (i) There exists a constant C > 0 such that for P,Q G C-^ xH^ ^ 
at distance at most X from Pq, 

(l - CX^) < < (l + C'A^) . 

^ ^ dciP^G) ^ ^ 

{ii) Ifh= {W,w) : Pi(0) ^ C^' X is Lipschitz continuous in P_r(0), 
for some R G (0,1), then there exists C > 0 such that 

\Vh\\x) - {\VWWx) + |Vn;p(a;))| < Cd\w{x),Po) 

for almost every x G Pr(0) and every x G 7l{u) fl Br{0). 

{Hi) Given R G (0,1), there exists C > 0 such that for almost every x G 
Br{ 0), every x G 7l{u) fl Br{ 0) and n > 0 sufficiently small, the blow up 
map 

u. = {V.,v^) : {BM,9.) ^ (C^’ X 
of the harmonic map u with scaling factor (75) satisfies 

(1 + CaY"\Vu„\\x) < \VV^\\x) + < (1 + Ga^)\Vu„\\x). 

i=l 

Proof. Part {i) follows from the C^-estimates of G contained in (30) and 
the same argument as [DM1] inequality (36). The inequalities of {ii) hold for 
almost every x G Br{0) by the dehnition of energy density (cf. [KSl]) and (i) 
and by smoothness they also hold for every x G 7Z(u) nP/j(0). Finally, since 
{uof is a set of harmonic maps whose total energy is bounded independently 
of a, they are uniformly Lipschitz continuous in Pr( 0). Thus, assertion {Hi) 
follows from {ii). q.e.d. 
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Lemma 30 Let u : Q ^ T, E fl and u = {V, v) as in (28). There exists a 
sequence a* —)■ 0 such that the blow up maps {mo-. = (K-^, v<tJ} at x* converge 
locally uniformly in the pullback sense to a nonconstant map 

u, = {V,,vl ..., ; 5i(0) ^ C^' X Fi, X ... X 

with d homogeneous degree a harmonic map. Furthermore, 

..., are homogeneous of degree a and 14 ., converge to K, 
respectively. 


Proof. By definition, the maps {mo-} are normalized such that = 

1. Since 


Ord^{x.,)) 


lim 

cr —>-0 


aE^{a) 


hm- 

cr—>-0 /'““■(I) 


lim £'“"(!), 

cr^O 


we have that < 20rd2{x.^) for sufficiently small a > 0. By [KS2] 

Theorem 2.4.6, has a local Lipschitz bound uniformly for sufficiently small 
a > 0. Combined with Lemma 29, we conclude that for any compactly 
contained subset K of i?i(0), there exists C > 0 such that 


|vv;|^ \Wvl\\...,\Wvl-^\^ <C (77) 

in K for sufficiently small a (with respect to the metric 5'(0) on the domain 
which is uniformly equivalent to for a small). 

Let (Ji —)■ 0 be such that Ua^ converges to a tangent map m* locally 
uniformly in the pullback sense. (We refer to [DM1] Section 2 for more 
details on the construction of a tangent map.) Additionally, [KS2] Propo¬ 
sition 3.7 and a diagonalization argument imply that there exist a subse¬ 
quence (which for the sake of simplicity we call again cij —t 0), NPC spaces 
(Ti*, di*),..., (Ifc-jx, dfc-j*) and maps K, : R” —)■ (C-^, 77(0)), vl : BF ^ 
{Yu, du), • • •, : R"" -)■ (Tfe-j*, dk-j*) such that W,, ..., v’f~^ converge 

locally uniformly in the pull-back sense to V^,vl,..., respectively. Fur¬ 

thermore, Lemma 29 implies that for x',x" G i?i(0). 


k-j 




(1=1 


Thus, we conclude that converges locally uniformly in the pullback sense 
to 


{Y,v 




) : Ri(0) ^ X W, X ... X Yk- 


■]* 
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and 


dl{u,{x'),u,{x")) = \V,{x') - V,{x")\^ + ^ 

m=l 

The map (K, "W*, • • •, is harmonic by [KS2] Theorem 3.11. Furthermore, 
the homogeneity of tangent map implies the homogeneity of K and n™. 

Q.E.D. 

The following is the main result of this section. 

Proposition 31 If u : Q T is a harmonic map from an Riemannian 
domain, then the set of higher order points is of Hausdorff co-dimension 2; 
i.e. if fl is an n-dimensional domain, then 

dim^(iSo(M)) < n — 2. 

Proof. By Corollary 11, it suffices to show that there exists eo > 0 such 
that at every x* G fl and tangent map m* of u at x*, 

Or(i“*(0) = 1 or Ord'^*{0) > 1 + eo (78) 

and 

dim^(iSo(M*)) <n — 2. (79) 

For x* G Ti{u), statements (78) and (79) obviously hold (with eo = 1) 
since all the strata of T are smooth manifolds. Thus, now consider x* G 
Sj{u). By Lemma 30, there exists a sequence of blow {u^^ = at x* 

that converges locally uniformly in the pullback sense to a map 

u, = {V,,vl ..., ; 5i(0) -> C^' X Fl, X ... X 

with homogeneous harmonic maps and K-., v^i = {v\., ..., v^~^) 

converging locally uniformly in the pullback sense to F,, n, = (v^,... 
respectively. First, assume K is non-constant. Then Or(i“*(0) = Ordy*{t)), 
and since K is a harmonic map into Euclidean space, statements (78) and 
(79) obviously hold (again with eo = 1). Alternatively, assume that K is a 
constant map. In this case, 

lim sup d(Fri(0),FrJ = 0, Vr G (0,1). (80) 
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Define 


< : Bi{0) ^ (C^' X \dG 




UcTi (^i(0))'^O 


and let 


hn 


Bi 

2 


(0) ^ (C^’ X \dG, 


m(ct) 


), hai — (yVaijWa^) 


be the harmonic map with boundary values equal to Uai- Since h^i and u^i 
are harmonic maps, d‘^{ha^,Uai-i ) is a weakly subharmonic function by [KSl] 
Lemma 2.4.2. Thus, noting that v^i = Wo-i and = K-.(O) on i?i(0). 


lim sup d^{wa^{x),v„^{x)) 

Bl ( 0 ) 

1 


< C lim (i^(/io-i(a;),Mo-i(a;)) (by Lemma 29) 

(Ti^O 

< C lim / d^{h„^,u„^)dY: 

o'i^o Job I (0) 

< Clirn / <i"(V,(0),V.)dE 

o'i—f-O JdBi ( 0 ) 

= 0 (by (80)). 


Thus, the sequence {WfJ^} converges locally uniformly in the pullback sense 
to n* and tCo-i(O) —)■ Vq. Applying Lemma 12 to a component map of Wo-i, we 
that conclude there exists eo G (0,1] satisfying (78) and (79). q.e.d. 


5 Proof of Theorem 1 and Theorem 2 

In this section, we prove Theorems 1 and 2 by applying an inductive argu¬ 
ment given in [DM1] with [DM2] and [DM3] being the key ingredients. To 
proceed, we need the following statements for a harmonic map m : D —)■ T. 

Statement l[j]: For any x* G Sj{u) and a local representation u = {V,v) : 
(i?o-*(T*), (?) (C-^ X dc) as in (28), we have 

dim^ (S{u) n i?^(a;*)) <n — 2. 


Statement 2[j\. For x* G Sj{u), a local representation u = (V,t) 
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g) —)■ (C-^ X ^jdc) as in (28) and any subdomain f2 compactly 

contained in 

B^{x.)\{Siu)nv-\Po)), 

there exists a sequence of smooth functions {ipi} with = 0 in a neighbor¬ 
hood of iS(m) n 0 < < 1, —)■ 1 for all x G Q\S{u) such that 

lim [ iVVtillV'^il dp = 0. 

i^OoJSa^ (X*) 

- 2 - 

We will prove Statement l[j] and Statement 2[j] for all j G {1, ..., A;} 
by a backwards induction on j. The initial step of the induction is for j = k. 
Since Skiu) = 0, Proposition 31 immediately implies Statement l[k] and 
Statement 2 [A;]. The inductive step is to prove that Statement l[j] and 
Statement 2[j] hold under: 

Inductive Assumption. Statement l[m] and Statement 
2[m] hold for m = j -|- 1, j -|- 2,..., A;. 

To proceed, we need to check that Assumptions 1 - 6 of [DM1] are satished. 

Lemma 32 (Assumption 1) The metric space (H^ ^, dh) is an NPC space 
with a homogeneous structure with respect to Vq = {Pq, ..., Pq) G H ^. 

Proof. Indeed, using the homogeneous structure on H dehned by (5), 
we can dehne a continuous map R>o x H H by setting 


Q.E.D. 


Lemma 33 (Assumption 2) The metrics G, H and h satisfy estimates 
(30), (31), (32), (33) and (34) of Assumption 2. 

Proof. This is proven in [DM3], q.e.d. 


Lemma 34 (Assumption 3) Let u = {y,v) as in (28). The set Sj{u) 
satisfies the following: 
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(i) v{x) = Vo for X e Sj{u) fl B^^{x^) 

{ii) dimy^{{S{u)\Sj{u)) fl < n — 2. 

Proof. The inductive assumption along with Proposition 31 implies the 
assertion, q.e.d. 


Lemma 35 (Assumption 4) Let u = {V,v) as in (28). For Br{xo) C 
and any harmonic map w : {Bji{xo),g) ^ H \ the set TZ{u,w) 
is of full measure in lZ{u) fl Br^xq). Here, recall that lZ{u,w) is the set of 
points X G 7l{u) n Bji{xo) with the property that there exists r > 0 such that 
v{Br{x)),w{Br{x)) map into the same stratum o/H ^. 

Proof. From Corollary 28, we have dim^(iS(tc)) < n — 2. Thus, TZ{w) is 
of full measure in B„{xo) which immediately implies TZ{u,w) is of full mea¬ 
sure in Tl{u) n Bcr{xo). Q.E.D. 

Before we move on to Assumption 5, we need the following preliminary 
lemmas. 

Lemma 36 Let u = (y,v) as in (28). Then there exists a sequence = 
of blow up maps of u at x* such that is a sequence of asymptot¬ 
ically harmonic maps. 

Proof. By Lemma 30, there exists a sequence of blow up maps {u^i = 
that converges locally uniformly in the pullback sense to a map 

u, = ..., ; 5i(0) ^ C^' X n, X ... X 

with P,,n^,... ,v^~^ homogeneous degree a harmonic maps and P,-. and Ug-. 
converging to P* and n* = (v),... respectively. For the sequence 

{vi = Uo-i}, Property {i) of Dehnition 22 follows immediately from the dehni- 
tion of blow ups. Property {ii) follows from the fact that u^. and hence 
is uniformly locally Lipschitz continuous. Since converges to n*, we have 
Property {Hi). Finally, we will prove Property {iv) follows from Lemma 20. 
Q.E.D. 
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Lemma 37 Let u : Ll ^ T be a harmonic map, x* G Sj{u) and u = (y,v) 
as in (28). There exists a sequence = (K-i,VcrJ of blow up maps of u 
at x* such that Wo-. converges to a constant map and Mo-., K-. converge to a 
tangent map of u at x*. 

Proof. By Lemma 30, there exists a sequence u^i = of blow 

up maps of u at x* converging to a tangent map u* = (14, u*) of u at x*. By 
assumption that x* G Sj{u), we have Or(i“*(0) = 1. By Lemma 36, {ug-.} 
is a sequence of asymptotic harmonic maps. By Lemma 30, {v„^} converges 
locally uniformly to 

such that v),... ,v^~^ are homogeneous harmonic maps into an NPC space. 
Thus, we can apply Proposition 26 to conclude that u* is identically constant. 

Q.E.D. 


Lemma 38 (Assumption 5) If u = (P, u) as in (28), then 

|Vup(a;) = 0 and |VPp(a;) = |Vup(a;) for a.e. x G Sj{u) r\B„^{x,,). 


Proof. Let x G Sj{u) n and identify a; = 0 via normal coordi¬ 
nates. By Lemma 37, we can £x a sequence of blow up 

maps of u such that {u^.} and {K-^} converge to a tangent map u* = P, : 
-Bi(O) —)■ and Va^ converges to a constant map. Lemma 29 implies 


+ E^^^^ir)) + 0{a(). (81) 

Therefore, 


limsup (r) < 

i^oo 


< 


limsup(i?'^‘^'(r) -|- E^‘"i{r)) 

i^oo 

lim E'^'^i{r) (by (81)) 

i^oo 

E'^*{r) (by [KS2] Theorem 3.11) 

E^*{r) (since u* = P) 

lim inf (r) (by [KS2] Theorem 3.8). 

i^oo 
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This immediately implies 


lim (r) = lim (r) and lim E'^'^i (r) = 0. 


(82) 


Since |Vnp is an integrable function, almost every point of is a 

Lebesgue point. In particular, at almost every x G Sj{u) fl 


|Vn|^(a;) = lim 






= lim-——^— 

i^oo Vol{Br{0)) JBr{0) 

.. f 

< lim- / 

i^oo Vol{Br{0)) JBriO) 

= 0 (by (82)). 


Jb^ 0) 


I VUo-i I d/ig-i 


This implies the hrst assertion. The second follows immediately from the 
hrst. Q.E.D. 


Finally, note that Assumption 6 immediately follows from the inductive 
assumptions Statement 2[j + 1], ..., Statement 2[k]. 

In summary. Assumptions 1-6 of Section 2.5 are satished. By Theorem 21, 
the singular component map satishes v satishes properties (PI) and (P2) with 
respect to Sj{u) as in Dehnition 9 and the monotonicity properties of (37) 
hold. Combined with Lemma 20, this implies the sequence of blow up maps 
{vi = To-i} (from property (P2)) is a sequence of asymptotically harmonic 
maps. Combining this with Corollary 27, we obtain dim^(iSj(M)) < n — 2. 
Now Statement l[j] follows immediately. Additionally, Statement 2[j] 
follows from repeating the argument of [DM1] Section 11. Thus, induction 
completes the proof of Theorem 1 and Theorem 2. 


6 Two dimensional domains 

In this section, we prove Theorem 5, the regularity of harmonic maps from 
two dimensional domains. We hrst need the following preliminary lemma. 

Lemma 39 Let u : fl ^ T be a harmonic map from an n-dimensional 
Lipschitz Riemannian domain, S a connected submanifold offl (possibly S = 
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il) and T' a stratum of T (possibly T' = T). If u{T.) n T' 7 ^ 0 and S c 
IZiu), then m(S) C T'■ Moreover, there exists a stratum T' of T such that 
u{n{u)) C V. 

Proof. Since m(S) n T' 7 ^ 0, we have that W := u~^{T') fi S is a 
nonempty open subset of S. Assume on the contrary that m(S) (f_ T', and 
let X G dW n S. Since S C Ti{u), there exists r > 0 such that u{Br{x)) 
is contained in a single stratum. Since Br{x) nW 7 ^ 0, we conclude that 
u{Br{x)) C T' contradicting the fact that x G dW fl S. This proves the hrst 
assertion. Since S{u) is of Hausdorff codimension 2 the set 7l{u) is connected 
(follows easily from [Schi] Corollary 4). Thus, the second assertion follows 
from the first. Q.E.D. 

Proof of Theorem 5. Using the fact that the dimension is 2, we 
hrst prove that the set Sj{u) (cf. (27)) consists of at most isolated points. 
Indeed, on the contrary, suppose that there exists a sequence Xi G Sj{u) 
x* G Sj{v). Write u = {V,v) near x* as in (28). As shown in Section 5, 
there exists eo > 0 such that OrdI{xi) > 1 + eo. Let a* > 0 be equal to twice 
the distance between Xi and x*. As in Lemma 36, (a subsequence of) the 

blow up maps {^ 0 -^} of v at x* with blow up factor is a sequence of 

asymptotic harmonic maps and converges locally uniformly in the pullback 
sense to a homogeneous harmonic map uq. Let fi be the point corresponding 
to — after identifying x* = 0 via normal coordinates centered at x*. Thus, 
G dBi(0) and Ord'"'^i{fi) > 1 + eo. By taking a subsequence if necessary, 
we can assume that dBi{0). The upper semicontinuity of order 

(for example, see the proof of [GS] Lemma 6.5) implies > 1 + Cq. 

The homogeneity of Uq implies Ord^^itf^) > 1 + Cq for all t G (0,2). This 
contradicts the fact that the dimension of the domain is 2 and the Hausdorff 
codimension of the set of higher order points of a harmonic map is at least 
2 (cf. Corollary 11). Thus, we have shown that Sjiu) consists of at most 
isolated points. 

To complete the proof, recall that the singular set S{u) consists of points 
of order > 1 and of points in Sj{u) for some j G {1,...,A; — 1}. In the 
hrst case, they must be zeroes of the Hopf differential of u, and hence 
they are discrete by holomorphicity. In the second case, they are discrete 
by the claim above. In any case, given x G S{u), there is r > 0 such 
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that Br{x) n iS(m) = {x}. Thus dBr{x) C lZ{u). Applying Lemma 39 for 
S = dBr{x), we have that u{dBr{x)) C T' for some stratum T' of T. Now 
recall the existence of a convex exhaustion function / ; T' —)■ [0, cxd) (cf. 
[Wo3]). Since u{dBr{x)) is closed, there exists c > 0 such that u{dBr{x)) C 
{p E T' : f{p) < c}. Since sublevel sets of a convex function are convex, 
we conclude u{Br{x)) C {p E T' : f{p) < c}, and hence x G lZ{u). This 
contradicts the assumption that x G S{u) and proves S{u) = 0. q.e.d. 


7 Applications 

In this section, we prove our main result Theorem 3 as well as Theorem 4. 

Proof of Thforfm 3. Equipped with our main technical results. 
Theorem 1 and Theorem 2, the argument follows along the lines of [JoYa]. 
First, as in [JoYa], we construct another Kahler manifold T-equivariantly 
biholomorphic to M (which we call again M for the sake of simplicity) and 
a hnite energy T-equivariant Lipschitz map f : M ^ T. Then [DW] implies 
that there exists a T-equivariant harmonic map u : M ^ T. By Lemma 39, 
there exists a stratum T' of T such that u{TZ{u)) C T'. Thus, u{M) C 7^, 
and T' must be invariant by the entire mapping class group Mod{S) by the 
equivariance of u. This implies T' = T] in other words, 

u{TZ{u)) C T. 

As in [GS] or [DMV], the stong negative curvature of T together with Theo¬ 
rem 1 and Theorem 2 imply that u is pluriharmonic on the regular set TZ{u). 
More precisely, on 7l{u), we have that 

D"d'u = 0 = D'd"u and ^ Rijkid"ui A d'uj A d’uk A d"ui = 0. (83) 

Next, by [Schi] Lemma 2, given any x G S{u) there exists a holomorphic 
disc S through x such that 


n\s{u)nj:) = o. 


(84) 


We next need the following 
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Claim 40 The restriction of u to Ti is a harmonic map. 


Proof. Let w : S — )■ T be a harmonic map with We will 

show u = w, thereby proving the claim. Fix cp G (^“(S) with 0 < 99 < 1. For 
e > 0, (84) implies that there exists a covering of sup( 99 )niS(M) C 

S such that < e. Let 4>i be a smooth function such 0 < < 1, = 0 

in Br^{xi), (fi = 1 outside i? 2 ri(a^i) and |V0j| < Dehne 0^ = and 

0* = Yljpicfj. Since u is pluriharmonic in 7l{u), its restriction ^ ^ 

is a harmonic map. Thus, df{u, w) is weakly subharmonic in S\ Br^{xi) 
(cf. [KSl] Lemma 2.4.2 and Remark 2.4.3). Thus, 


N 


/ (ffVp ■Vdf{u,w)dxdy+ '^ j pcflVcfi ■'Vd‘^{u,w)dxdy 
Jjl i=\ 

= J V{p(j)e) ■'^df{u,w)dxdy > t). 

Since d?{u,w) is a Lipschitz function in supp(v 9 ), we can estimate 


N 

E / 

i=\ 


)* ■ Vd‘^{u, w) dxdy < C ^ ^ f 

Letting e —)■ 0, we obtain 


N 


i=l 


B2riixi) 


dxdy < C^ri < Ce. 


i=l 


J Vp ■ Wd^{u, w)dxdy > 0 . 

In other words, df{u, w) is a weakly subharmonic function on S. Since u and 
w agree on the boundary (9S, we conclude that u = w onT. q.e.d. 


We now complete the proof of Theorem 3. Indeed, by Claim 40 and The¬ 
orem 5, the restriction m|s maps into T. This in turn implies that S{u) = 0, 
and hence u maps into T. The assertion of the theorem now follows by [JoYa] 
c), d) and e). q.e.d. 

Proof of Theorem 4. As in [GS] Lemma 8.1, we hrst construct a 
hnite energy equivariant Lipschitz map f : M = G/K T. Under the 
assumption that p : A —)■ Mod{S) is sufficiently large, [DW] implies that 
there exists a A-equivariant harmonic map 

u : M ^ T. 
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By Lemma 39, there exists T' C T such that u{lZ{u)) C T'. We are going 
to show that u is constant, so with an intent of arriving at a contradiction, 
let’s assume that u is non-constant. As in [DMV] Corollary 14 and Lemma 
15, our regularity Theorem 1 and Theorem 2 imply that u is totally geodesic 
on the regular set IZiu). In other words, u satisfies on IZiu) 

Vdu = 0. (85) 

As in [DMV] proof of Theorem 1, (85) combined with Theorem 1 implies 
that u is totally geodesic on the entire M in the sense that u maps geodesics 
to geodesics. 

Since the domain is an irredncible symmetric space, u must be a totally 
geodesic immersion into a Teichmiiller space T'. This is clearly a contradic¬ 
tion if the symmetric space has rank > 2. In the rank 1 case, the contradiction 
follows from [Wn] Theorem 1.2. We thus conclude that u is constant, hence 
p(A) hxes a point in Teichmiiller space. Since the action of the mapping class 
gronp is properly discontinnous, this implies that p(A) is hnite. q.e.d. 
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